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We prove that every n-connected graph G of sufﬁciently large order contains a
connected graph H on four vertices such that G V ðH Þ is ðn 3Þ-connected. This
had been conjectured in Mader (High connectivity keeping sets in n-connected
graphs, Combinatorica, to appear). Furthermore, we prove upper bounds for the
order of all n-connected graphs of criticality 3, 4, and 5. # 2002 Elsevier Science (USA)
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It was proved in [6] that every n-connected ﬁnite graph G of sufﬁciently
large order contains a vertex set S of prescribed cardinality such that G S
is ðn 2Þ-connected. So the question arose, if this remains true, if we require
the additional property that ‘‘S is connected’’, i.e. that S spans a connected
subgraph in G: In [6], for every integer n518; inﬁnitely many ﬁnite, n-
connected graphs G and also inﬁnite, n-connected graphs G were
constructed, having the property that deleting any connected set of at least
3 vertices, the connectivity number decreases by at least 3. So the above-
mentioned result does not remain true, if we add the condition ‘‘S-
connected’’, but a slightly modiﬁed result could hold. For the exact
statement of this, let jGj :¼ jV ðGÞj and let kðGÞ denote the (vertex-)
connectivity number of G:
Conjecture 1.0. For all positive integers n and k; there is a least non-
negative integer hðn; kÞ such that every n-connected graph G with jGj > hðn; kÞ
contains a connected set S  V ðGÞ with jSj ¼ k such that kðG SÞ5n 3
holds.
Obviously, hð3; kÞ ¼ k for k54 and hð3; kÞ ¼ 0 for k43: The ﬁrst non-
trivial case of this conjecture, i.e. the existence of hðn; 4Þ; is proved in this296
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k-CON-CRITICALLY n-CONNECTED GRAPHS 297paper. Whereas the above-mentioned examples show that at least for n518;
n 3 would be best possible, stronger results might be true for small n: So it
was conjectured in [7] that for every positive integer k, every 3-connected
graph of sufficiently finite order contains a connected S with jSj ¼ k such that
G S is 2-connected. So far, this conjecture is veriﬁed only for k44 (see
[7, 3]).
Before we can state our results exactly, we need some concepts and
notation. The graphs considered here are undirected and do not have
multiple edges or loops. They may be ﬁnite or inﬁnite, but the connectivity
number kðGÞ is always ﬁnite. For the complete graph Km; we set kðKmÞ ¼
m 1 for every non-negative integer m, and for non-complete graphs G; we
have kðGÞ ¼ minfjT j : T  V ðGÞ such that G T is disconnectedg: These
separating sets T with jT j ¼ kðGÞ are called smallest separating sets of G, and
the set of all smallest separating sets of G is denoted by TðGÞ: Let CðGÞ be
the set of all components of G: For T 2TðGÞ; the union of at least one, but
not all C 2 CðG T Þ is called a T -fragment of G, or simply a fragment of G:
If F is a T -fragment, then also %F :¼ G ðV ðF Þ [ T Þ is one. Of course, a
graph has a fragment, iff it is not complete. If the graph G has a ﬁnite
fragment, then a fragment of least vertex number is called an atom of G. For
subgraphs F ;H  G and S  V ðGÞ; let F \ S :¼ V ðF Þ \ S; and F \ H ¼ |
means F \ V ðH Þ ¼ |: S  V ðGÞ is called connected (in G), if the subgraph
GðSÞ induced by S in G is connected. For H  G; let GðH Þ :¼ GðV ðH ÞÞ
and NGðH Þ :¼ NGðV ðH ÞÞ :¼ fx 2 G V ðH Þ: there is a y 2 V ðH Þ with ½x; y 2
EðGÞg; where x 2 G means x 2 V ðGÞ and ½x; y ¼ ½y; x is the edge between x
and y: Furthermore, deﬁne DðGÞ :¼ supfdGðxÞ : x 2 Gg; where dGðxÞ is the
degree of x in G: In the notation NGðX Þ; dGðxÞ; etc. we suppress the subscript,
if the graph is clear from the context. Throughout, n and k are positive
integers. Let Nm denote the set of positive integers i4m for a non-negative
integer m; note N0 ¼ |:
A graph G is called W  ðn; kÞ-critical or W  ðn; kÞ-graph for W  V ðGÞ
and positive integers n; k; if W \ F=| for every fragment F of G and
kðG W 0Þ ¼ n jW 0j for every W 0  W with jW 0j4k hold. A V ðGÞ  ðn; kÞ-
critical graph G is called ðn; kÞ-critical or ðn; kÞ-graph. For W 0 ¼ |;
we get kðGÞ ¼ n for every W  ðn; kÞ-graph G: A complete W  ðn; kÞ-
graph is, therefore, isomorphic to Knþ1; and Knþ1 is W  ðn; kÞ-critical
for every W  V ðKnþ1Þ and every k: If G is a non-complete W  ðn; kÞ-
graph, then every W 0  W with jW 0j4k is contained in a T 2TðGÞ:
This implies jW j5k þ 2; since F \ W=| for all T -fragments F ; and hence
k4n:
If we require W 0 to be connected in the deﬁnition of an ðn; kÞ-graph, we
come to a concept which is of particular interest in our context. A graph G is
called k-con-critically n-connected, ðn; kÞc-critical or ðn; kÞc-graph for positive
integers n and k; if kðG W Þ ¼ n jW j for every connected W in G with
W. MADER298jW j4k: We have again kðGÞ ¼ n for an ðn; kÞc-graph G; Knþ1 is ðn; kÞc-
critical for every k; and k4n holds for every non-complete ðn; kÞc-graph.
Obviously, every ðn; kÞ-graph is ðn; kÞc-critical and every ðn; 1Þc-graph is
ðn; 1Þ-critical. Every ðn; kÞc-graph is ðn; k
0Þc-critical for all 14k
04k: If we will
not specify the connectivity number of an ðn; kÞ-critical graph or an ðn; kÞc-
critical graph, we speak of a k-critical graph or a k-con-critical graph,
respectively.
Whereas in [4] it was proved that every ðn; 3Þ-graph is ﬁnite and
that for every n; there is only a ﬁnite number of ðn; 3Þ-graphs, for every
n518; inﬁnite ðn; 3Þc-graphs and an inﬁnite number of (non-isomorphic)
ﬁnite ðn; 3Þc-graphs have been constructed in [6]. On the other side,
it was shown in [6] that every ðn; 7Þc-graph is ﬁnite and that for every n;
there is only a ﬁnite number of ðn; 7Þc-graphs, but it remained open what
happens for k ¼ 4; 5; 6: The closing of this gap is the main result of this
paper.
Theorem 1.1. For every n54; gðnÞ :¼ maxfDðGÞ :G ðn; 4Þc-critical
graphg exists and is finite, and jGj42ðn 3ÞðgðnÞ  1Þ þ n holds for every
ðn; 4Þc-critical graph G:
In particular, Theorem 1.1 says that hðn; 4Þ exists for all n and hðn; 4Þ4
2ðn 3ÞðgðnÞ  1Þ þ n for n54: (Obviously, hð3; 4Þ ¼ 4 and hðn; 4Þ ¼ 3 for
n ¼ 1; 2:Þ
The next result generalizes and improves a result in [4].
Theorem 1.2. For every W  ðn; 3Þ-critical graph with n52; jW j4
ð2n 1Þn holds.
It has been proved in [4] that jGj56n2 holds for every ðn; 3Þ-graph G; and
the factor 6 was decreased to 4 in [2]. We get a slight improvement from
Theorem 1.2 for W ¼ V ðGÞ:
Corollary 1.3. For every ðn; 3Þ-graph G 6ﬃK2; jGj4ð2n 1Þn holds.
The following upper bound for the order of an ðn; 4Þc-graph follows easily
from Theorems 1.1. and 1.2.
Theorem 1.4. For every ðn; 4Þc-critical graph G; jGj54n
3 holds.
For ðn; 5Þc-critical graphs, we can improve this upper bound essentially.
Theorem 1.5. For every ðn; 5Þc-critical graph G with n53; jGj4
7
8
ðn 1Þn
holds.
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in Section 3. Modifying the proof of Theorem 1.1, we will prove Theorems
1.2–1.5 in Section 4. Section 5 gives examples of k-con-critical, but not k-
critical graphs for every k52:
We add some further notations. A path P : x0; x1; . . . ; xn is called an x0; xn-
path and the vertices x 2 P with dP ðxÞ ¼ 2; i.e. x1; . . . ; xn1; are the interior
vertices of P : Two x; y-paths P1 and P2 are openly disjoint, if P1=P2 and P1
and P2 have no interior vertex in common. For vertices x=y in G; the
maximal number of pairwise openly disjoint x; y-paths exists and is denoted
by kðx; y;GÞ: It is well known that kðGÞ ¼ minx=y kðx; y;GÞ holds for all
graphs G with jGj52 (see, for instance, [1, Chap. 3]). For x 2 G and X 
V ðG xÞ; an x;X -fan of order n consists of x; xi-paths Pi for i 2 Nn with
Pi \ X ¼ fxig and V ðPiÞ \ V ðPjÞ ¼ fxg for all i=j from Nn:
A fragment F of a graph G is called proper, if jF j4j %F j in case G ﬁnite and
if F is ﬁnite in case G inﬁnite. Let FðGÞ denotes the set of all proper
fragments of G and letFmðGÞ consist of all maximal elements of ðFðGÞ;Þ:
In a similar way, we call a fragment F of a W  ðn; kÞ-critical graph
G W -proper, if jF \ W j4j %F \ W j in case W ﬁnite and if F \ W is ﬁnite in
case W inﬁnite. Then, WFðGÞ denotes the set of all W -proper fragments of G
and again WFmðGÞ is the set of all maximal elements of ð
WFðGÞ;Þ:
2. PRELIMINARY RESULTS
In this section, we put together results which we need from previous
papers, adapting them sometimes from ðn; kÞ-critical graphs to W  ðn; kÞ-
critical ones. But also a few new results can be found.
Lemma 2.1 (Cf. Mader [6, (1.1)]). Let G be a graph of connectivity
number n.
(a) Let Fi be a Ti-fragment of G for i ¼ 1; 2 with F1 \ F2=|: Then,
jF1 \ T2j5j %F 2 \ T1j holds. If also %F 1 \ %F2=|; then even jF1 \ T2j ¼ j %F 2 \ T1j
holds and F :¼ %F1 \ %F2 is a T-fragment for T :¼ ðT2  V ðF1ÞÞ [ ðT1 \ %F2Þ ¼
ðT1  V ðF2ÞÞ [ ðT2 \ %F 1Þ ¼ ðT1 \ %F2Þ [ ðT1 \ T2Þ [ ðT2 \ %F 1Þ and %F=
GðF1 [ F2Þ:
(b) If A is an atom of G and if there is a T 2TðGÞ with T \ A=|; then
V ðAÞ  T and jAj4njT\N ðAÞj
2
hold.
We need also a further development of Lemma 2.1(a).
Lemma 2.2. Let Fi be a Ti-fragment of the graph G of finite connectivity
number for i ¼ 0; 1; . . . ; k: If F :¼
Tk
i¼0 Fi=| and %F0 \ %F j=| for j 2 Nk ; then
F is a fragment of G with
Tk
i¼0 Ti  N ðF Þ:
W. MADER300Proof. We use induction on k: The case k ¼ 1 is contained in Lemma
2.1(a). Assume k52: Then F 00 :¼ F0 \ Fk is a T
0
0-fragment with T
0
0  T0 \ Tk
by induction hypothesis. Since F 00  %F0; also F
0
0; F1; . . . ; Fk1 satisfy the
preassumptions, and the induction hypothesis completes the proof. ]
Now we state some results from [6].
Lemma 2.3 (Mader [6, (3.9)]). Every ðn; 3Þc-graph is locally finite.
Lemma 2.4 (Mader [6, (3.11)]). Let z be a vertex of finite degree
in the non-complete graph G of connectivity number n: If kðG fz; xgÞ ¼
n 2 for every x 2 NGðzÞ; then there is a fragment F of G with z 2 NGðF Þ and
jF j4n1
2
:
Proposition 2.5 (Mader [6, (3.13)]). If G is an ðn; kÞc-graph with k53
and k > n
2
; then G is isomorphic to Knþ1:
Let us turn now to W  ðn; kÞ-critical graphs. If G is ðn; kÞc-critical with
n; k52 and z 2 G; then, obviously, G z is NGðzÞ  ðn 1; k  1Þ-critical. So
these graphs appear in a natural way. In Corollary 1 to Theorem 1 in [4], it
was shown that there are no inﬁnite ðn; 2Þ-graphs. A corresponding result
holds for W  ðn; 2Þ-graphs.
Proposition 2.6. W is finite for every W  ðn; 2Þ-graph G:
A proof of this Proposition is easily drawn from the proof of Corollary 1 in
[4].
Proposition 2.6 implies that for every fragment F of a W  ðn; 2Þ-graph G;
we have F 2W FðGÞ or %F 2W FðGÞ: Since there are inﬁnite ðn; 1Þ-graphs,
Proposition 2.6 is not true for k ¼ 1: Note that Proposition 2.6 does
not say that every W  ðn; 2Þ-graph is ﬁnite. This is not true as Proposition
3.10 in [6] shows, which says that there are inﬁnite ðn; 3Þc-graphs for every
n518: But every inﬁnite ðn; 3Þc-graph G delivers an inﬁnite
NGðzÞ  ðn 1; 2Þ-graph G z for each z 2 G (by the way, so Proposition
2.6 implies Lemma 2.3). This does not change even for large k as the
following examples show.
Example 2.7. Let G be a non-complete W  ðn; kÞ-critical graph and let
S :¼ fS  W : jSj ¼ kg: Suppose, we can assign to every S 2S a TS 2TðGÞ
with TS  S so that V ðGÞ 
S
S2S TS is not empty. Then, we can blow up an
x 2 G
S
S2S TS (hence x =2 W Þ to an inﬁnite graph without destroying the
W  ðn; kÞ-criticality. Take, for instance, any n-connected graph H with
H \ G ¼ | and add all edges (or dGðxÞ disjoint edges, if jH j5dGðxÞÞ between
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critical.
But W  ðn; kÞ-graphs with the above property exist for every k: Let k and
an integer m5k þ 3 be given. Let the graph Wmðk þ 1Þ have the vertex set
Nkþ1m of all ðk þ 1Þ-tuples ðx
1; . . . ; xkþ1Þ with xi 2 Nm for i 2 Nkþ1 and let
distinct vertices ðx1; . . . ; xkþ1Þ and ðy1; . . . ; ykþ1Þ be adjacent in Wmðk þ 1Þ iff
there is an i 2 Nkþ1 with xi ¼ yi: It was proved in [4] that Wmðk þ 1Þ is regular
of degree mkþ1  ðm 1Þkþ1  1 ¼: wðm; k þ 1Þ and ðwðm; k þ 1Þ; k þ 1Þ-
critical (cf. also Section 5). Let zi denote the vertex of Wmðk þ 1Þ
with all coordinates equal to i: Then, G :¼ Wmðk þ 1Þ  z1 is N ðz1Þ
ðwðm; k þ 1Þ  1; kÞ-critical, and we will show that it has the property of
the last paragraph. For this, it is enough to prove that for every S  N ðz1Þ
with jSj ¼ k; there is an aS 2 N ðz1Þ with N ðaSÞ  S; but zm =2 N ðaSÞ:
Let xi ¼ ðx1i ; . . . ; x
kþ1
i Þ for i 2 Nk be distinct neighbours of z1: Since xi 2
N ðz1Þ; there is a ni 2 Nkþ1 with x
ni
i ¼ 1: Denoting N :¼ fni : i 2 Nkg; then N
0 :
¼ Nkþ1  N and N both are not empty. For i 2 N 0; we deﬁne ai as the least
element of Nm  ðf1g [ fxik : k 2 NkgÞ=|: Since m5k þ 3; we have a
i5m:
Deﬁning ai :¼ 1 for i 2 N ; then a :¼ ða1; a2; . . . ; akþ1Þ is a common neighbour
of z1; x1; . . . ; xk ; but zm =2 N ðaÞ:
These examples also show that for every k; a W  ðn; kÞ-graph may have
vertices of inﬁnite degree, even in W : ]
In regard to this example, it will be important to know if a
W  ðn; kÞ-graph has ﬁnite fragments. For ﬁnite W ; this follows by standard
arguments.
Lemma 2.8. Every non-complete W  ðn; kÞ-graph with finite W has finite
fragments.
Proof. Let G be a non-complete W  ðn; kÞ-graph with ﬁnite W : Since G
is non-complete and W is ﬁnite, there is a T -fragment F of G such that
jF \ W j is minimal. By deﬁnition of W  ðn; kÞ-critical, there is a w 2 F \ W
and an S 2TðGÞ with w 2 S: Since there is no fragment F 0 of G contained in
F  w by minimality of jF \ W j; we can have neither
(i) F \ C=| and %F \ %C=| nor
(ii) F \ %C=| and %F \ C=|
for an S-fragment C of G by Lemma 2.1(a). Hence, both in (i) and in (ii) at
least one of the intersections in empty. But this implies that one of V ðF Þ;
V ð %F Þ is contained in S or one of V ðCÞ; V ð %CÞ in T : Hence, at least one of
F ; %F ;C; %C is ﬁnite. ]
Lemma 2.8 is not true for inﬁnite W as simple ðn; 1Þ-critical graphs show.
But Proposition 2.6 and Lemma 2.8 imply that every non-complete
W. MADER302W  ðn; 2Þ-graph has atoms. Now, we can prove an important tool for
getting an upper bound for W ; corresponding to Lemma 2 in [4].
Lemma 2.9 (Mader [4, Lemma 2]). Let G be a W  ðn; 3Þ-critical graph
and let F0 be a T0-fragment of G: Assume that there are c 2 F0 \ W and
%c 2 %F0 \ W so that F \ F0=| for every fragment F of G with N ðF Þ  fc; %cg:
Then j %F0j434 n 1 holds.
The proof of Lemma 2.9 can be adapted from Lemma 2 in [4] with the only
modiﬁcation that we have to use Proposition 2.6 and Lemma 2.8 for the
existence of an atom of G fc; %cg: ]
3. PROOF OF THE MAIN RESULT
The proof of Theorem 1.1 is given in a series of lemmata.
Lemma 3.1. DðGÞ42ðð3n7Þ=2Þ
bðnþ1Þ=2c2
3n9 for every ðn; 4Þc-critical graph G with
n54:
Proof. We many assume G 6ﬃ Knþ1; hence n58 by Proposition 2.5.
Consider x 2 G and choose a y 2 N ðxÞ with dðyÞ ¼ minfdðzÞ : z 2 N ðxÞg:
Consider z 2 N ðxÞ  fyg: Then, kðG fx; y; z; z0gÞ ¼ n 4 for every z0 2
N ðxÞ  fy; zg; since G is ðn; 4Þc-critical. Therefore, G
0 :¼ G fy; zg has kðG0Þ
¼ n 2 and for each z0 2 N ðxÞ  fy; zg there is a T 0 2TðG0Þ with fx; z0g  T 0:
Hence, there is a fragment F of G0 with jF j4n3
2
and x 2 NG0 ðF Þ by lemmata
2.3 and 2.4. Since there is a z00 2 NG0 ðxÞ \ F ; we get dGðyÞ4dGðz00Þ4jF j 
1þ n43n5
2
: Since fy; zg  NGðF Þ; we have proved, that for every z 2
N ðxÞ  fyg; there is a y; z-path (through F ) of length at most n1
2
in G x;
where all interior vertices have degree at most 3n5
2
in G: So we get dGðxÞ4
dGðyÞþ ðdGðyÞ  1Þ3n72 þ    þ ðdGðyÞ  1Þ
3n7
2
 bn3
2
c4 ðð3n7Þ=2Þ
bðnþ1Þ=2c1
ð3n9Þ=2: ]
Hence, by this lemma, we can deﬁne an integer valued function gðnÞ :¼
maxfDðGÞ :G ðn; 4Þc-graphg for all n and have n4gðnÞ4
2ðð3n7Þ=2Þbðnþ1Þ=2c2
3n9 for
n54 and, obviously, gðnÞ ¼ n for n43:
Remark 3.2. In Section 4, we will even show gðnÞ4ð2n 3Þðn 1Þ for
n54:
Lemma 3.3. Let G be an ðn; 4Þc-critical graph and assume F is a
T -fragment of G with jF j > ðn 3ÞðDðGÞ  1Þ: Denoting (T :¼ ft 2 T :
jN ðtÞ \ %F j4n 3g; then jN ðxÞ \ (T j53 for all x 2 %F :
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If there is a u 2 U with jN ðuÞ \ (T j ¼ 2; say, ft; vg ¼ N ðuÞ \ (T ; let P be the
path v; u; t of length 2. If there is a u 2 U with jN ðuÞ \ (T j ¼ 1; say, t 2
N ðuÞ \ (T ; then enlarge u; ½u; t; t by an edge ½u; v or ½t; v with v 2 %F to a
path P of length 2 in Gð %F [ T Þ: If N ðuÞ \ (T ¼ | for all u 2 U ; we can ﬁnd a
path P of length 2 in Gð %F [ T Þ with P \ U=| and P \ T=|; say, again
V ðP Þ ¼ fu; t; vg with u 2 U and t 2 T :
For every x 2 F ; there is an x; T -fan Fx of order n in G; hence in G V ð %F Þ:
Let ex denote the edge of Fx incident to t: Since jN ðtÞ \ F j4DðGÞ  1 and
jF j > ðn 3ÞðDðGÞ  1Þ; there are vertices x1; . . . ; xn2 in F with ex1 ¼ ex2 ¼
   ¼ exn2 ; say, exi ¼ ½t; t
0:
Since G is ðn; 4Þc-critical, there is a T
0 2TðGÞ with fu; t; v; t0g  T 0: Since
fu; t; vg \ F ¼ |; there is a C 2 CðG T 0Þ with C \ fx1; . . . ; xn2g=|; say,
x1 2 C: Since the x1; T -fan Fx1 contains ½t; t
0; we have kðx1; y;G ft; t0gÞ5
n 1 for every y 2 %F ; since we can combine Fx1 with a y;T -fan of order n
to get a system of n openly disjoint x1; y-paths. So ft; t0g  T 0 and kðx1; y;
G ft; t0gÞ5n1 imply jðT  V ð %CÞÞ[ ðT 0 \ F Þj > n; hence jT 0 \ F j > jT \ %Cj
51: So jT 0 \ %F j4n 3 and by Lemma 2.1(a), %C \ %F ¼ |: But this implies
jN ðsÞ \ %F j4n 3 for all s 2 T \ %C; hence T \ %C  (T : On the other side,
N ðuÞ \ %C=|; hence N ðuÞ \ ð (T  T 0Þ=|; in opposite to the choice of u; v;
and t: ]
Corollary 3.4. If F is a fragment of an ðn; 4Þc-graph G; then jF j4
ðn 3ÞðDðGÞ  1Þ or j %F j4ðn3Þn
3
holds.
Proof. If jF j > ðn 3ÞðDðGÞ  1Þ; then jN ðxÞ \ (T j53 for all x 2 %F by
Lemma 3.3, hence j %F j4ðn3Þn
3
: ]
Corollary 3.5. The proper fragments of an ðn; 4Þc-graph G with jGj >
2ðn 3ÞðDðGÞ  1Þ þ n have the following properties:
(a) jF j4ðn3Þn
3
for every F 2FðGÞ:
(b) If F1 \ F2=| for F1; F2 2FðGÞ; then also GðF1 [ F2Þ 2FðGÞ:
(c) For all F1=F2 in FmðGÞ; F1 \ F2 ¼ | holds. Every F 2FðGÞ is
contained in exactly one element of FmðGÞ:
Proof. For F 2FðGÞ we have j %F j5jGjn
2
> ðn 3ÞðDðGÞ  1Þ; and (a)
follows from Corollary 3.4.
Assume F1 \ F2=| for a T1-fragment F1 2FðGÞ and a T2-fragment
F2 2FðGÞ: We may assume F1 6 F2 and F2 6 F1; hence T1 ¼ T2 or T1 \ F2=|
and T2 \ F1=|: Therefore, by (a), jF1 [ F2 [ T1 [ T2j5ðn 3Þnþ
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=|: Then Lemma 2.1(a) implies that F :¼ GðF1 [ F2Þ is a fragment of G:
Suppose F is not proper. Then, %F is proper and so j %F j4ðn3Þn3 by (a), hence
jGj53ðn3Þn
3
þ n; a contradiction for n54: This proves (b), and (c) follows
immediately from (b), since every F 2FðGÞ is contained in at least one
*F 2FmðGÞ by (a). ]
We turn now to the proof of Theorem 1.1. In the following, we will show
that there is no non-complete ðn; 4Þc-graph G of order exceeding
2ðn 3ÞðDðGÞ  1Þ þ n; which proves Theorem 1.1, using Lemma 3.1. So
we assume for the rest of this section that G is a non-complete ðn; 4Þc-graph
with jGj > 2ðn 3ÞðDðGÞ  1Þ þ n: Then n58 by Proposition 2.5.
Choose an F0 2FðGÞ of maximal order. Deﬁne T0 :¼ N ðF0Þ and S0 :¼
ðN ðN ðT0ÞÞ \ %F0Þ the set of vertices of %F 0 with distance 2 from T0: Then, we
have
ðaÞ jS0j5n 1:
Proof. Since V ðF0Þ  N ðT0Þ by Lemma 3.3, we have j %F0  N ðT0Þj
¼ jGj  jT0 [ N ðT0Þj5jGj  n nDðGÞ5ðn 6ÞDðGÞ þ 1 2ðn 3Þ5ðn 7Þ
ðn 1Þ5n 1: Hence jS0j5n 1 or there is an x 2 %F 0  ðN ðT0Þ [ S0Þ: In the
latter case, every path of an x; T0-fan of order n in G has an interior vertex in
S0: Hence, in this case even jS0j5n: ]
ðbÞ If the T-fragment F 2FðGÞ has the property ðF [ T Þ \ S0=| and
ðF [ T Þ \ F0=|; then F \ %F0=|; F \ F0 ¼ |; %F \ F0=|; and jT \ F0j ¼
jT0 \ F j: Furthermore, jF \ %F 0j5jT \ S0j holds.
Proof. Since S0 [ N ðS0Þ  V ð %F0Þ by deﬁnition of S0; F \ %F0=| follows.
Since F \ F0 ¼ | by Corollary 3.5(b) and maximality of F0; we get
14jT \ F0j4jT0 \ F j from assumption and Lemma 2.1(a). Since
jT0 \ F j5jF j and F0 is of largest order in FðGÞ; we conclude F0 \ %F=|:
Then jT \ F0j ¼ jT0 \ F j follows by Lemma 2.1(a). Since F \ T0=| and
N ðS0Þ \ T0 ¼ |; ðT  S0Þ [ ðF \ N ðS0 \ T ÞÞ separates G: This implies
jT \ S0j4jF \ N ðS0 \ T Þj4jF \ %F0j: ]
For every s 2 S0; there is an s; T0-path Ps of length 2; let ts denote the
vertex of Ps \ T0: Since G is ðn; 4Þc-critical, for every x 2 N ðtsÞ \ F0; there is
an F 2FðGÞ with N ðF Þ  V ðPsÞ [ fxg: For every s 2 S0; letFs denote the set
of maximal elements of ðfF 2FðGÞ : N ðF Þ  V ðPsÞ and N ðF Þ \ N ðtsÞ \
F0=|g;Þ: Then for every s 2 S0; Fs has the following properties.
ðgÞ F1 \ F2 ¼ | for all F1=F2 from Fs; 24jFsj51; and
S
F 2Fs N ðF Þ;
 V ðF0Þ:
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by Corollary 3.5(b) and obviously V ðPsÞ  N ðF Þ: Since N ðF1Þ [ N ðF2Þ 
V ðF Þ [ N ðF Þ and hence F \ F0 ¼ | by ðbÞ; we get N ðF Þ \ N ðtsÞ \ F0=|; a
contradiction to the maximality of F1 and F2: Hence F1 \ F2 ¼ |: Since
F \ T0=| for all F 2Fs; this implies Fs ﬁnite.
Every F 2FðGÞ with N ðF Þ  V ðPsÞ and N ðF Þ \ N ðtsÞ \ F0=| is contained
in an F 0 2Fs: Since F 0 \ F0 ¼ | by ðbÞ; we have N ðF Þ \ N ðtsÞ \ F0  N ðF 0Þ:
This implies N ðtsÞ \ F0 
S
F 2Fs N ðF Þ: By ðbÞ; we have F \ %F 0=| for all
F 2Fs: If F0 \
T
F 2Fs
%F=|; we could apply Lemma 2.2 to F0 and %F for
F 2Fs and would get a fragment F 0 :¼ F0 \
T
F 2Fs
%F of G with ts 2 N ðF 0Þ; a
contradiction to N ðtsÞ \ F0 
S
F 2Fs N ðF Þ: This shows F0 \
T
F 2Fs
%F ¼ |;
hence V ðF0Þ 
S
F 2Fs N ðF Þ; since F0 \ F ¼ | for F 2F
s by ðbÞ: Since
%F \ F0=| for F 2Fs by ðbÞ; V ðF0Þ 
S
F 2Fs N ðF Þ implies jF
sj52: ]
From ðgÞ; we easily deduce an improvement of Corollary 3.5(a).
ðdÞ jF0j4n:
Proof. By ðbÞ; we have jN ðF Þ \ F0j ¼ jF \ T0j for all F 2Fs: Then, ðgÞ
implies jF0j4
P
F 2Fs jN ðF Þ \ F0j ¼
P
F 2Fs jF \ T0j4jT0j ¼ n: ]
Every F 2
S
s2S0 F
s is contained in exactly one element of Fm by
Corollary 3.5(c). We consider now this set F0 :¼ fF 2Fm : there is an s 2
S0 and an Fs 2Fs with Fs  F g: By deﬁnition, for every F 2F0 there is an
s 2 S0 with V ðPsÞ  V ðF Þ [ N ðF Þ; and every V ðPsÞ is contained in V ðF Þ [
N ðF Þ for an F 2F0: So F=F0; hence F \ F0 ¼ | for all F 2F0 by Corollary
3.5(c). Since F \ T0=| for all F 2
S
s2S0 F
s; F \ T0=| for all F 2F0; too,
hence jF0j4n; since F \ F 0 ¼ | for F=F 0 from F0 by Corollary 3.5(c). If
F 0  F for F 0 2Fs and F 2F0; then |=N ðF 0Þ \ F0  N ðF Þ; since F \ F0 ¼
|: So every F 2F0 satisﬁes the preassumptions of ðbÞ and
S
F 2F0 N ðF Þ 
V ðF0Þ by ðgÞ: We collect some properties of F0:
ðeÞ If F 0  F for F 0 2
S
s2S0 F
s and F 2F0; then N ðF 0Þ \ F0  N ðF Þ
holds. Furthermore, we have jF0j52;
S
F 2F0 N ðF Þ  V ðF0Þ; and for every
s 2 S0 there is an F 2F0 with s 2 N ðF Þ:
Proof. It remains only to show jF0j52 and the last claim. Since
%F \ F0=| for F 2F0 by ðbÞ; but V ðF0Þ 
S
F 2F0 N ðF Þ; we must have
jF0j52:
Consider s 2 S0 and F 01 2F
s: There is an F1 2F0 with F1  F 01; hence
N ðF1Þ \ F0  N ðF 01Þ \ F0 by the ﬁrst claim of ðeÞ: Since N ðF1Þ 6 V ðF0Þ by ðbÞ;
but
S
F 2F0 N ðF Þ  V ðF0Þ 
S
F 02Fs N ðF
0Þ by the proved part of ðeÞ and ðgÞ;
there is an F 02 2F
s with N ðF 02Þ \ ðV ðF0Þ  N ðF1ÞÞ=|: Let F2 denote the
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0
2Þ \ F0  N ðF2Þ; hence F1=F2 holds.
Since s 2 N ðF 0i Þ; hence s 2 Fi [ N ðFiÞ for i ¼ 1; 2; but F1 \ F2 ¼ | by
Corollary 3.5(c), s 2 N ðF1Þ or s 2 N ðF2Þ follows. ]
ðzÞ If N ðF1Þ \ N ðF2Þ \ F0=| holds for the distinct fragments F1; F2 2F0;
then N ðF1Þ [ N ðF2Þ  V ðF0Þ:
Proof. By ðbÞ; we have jN ðFiÞ \ F0j ¼ jT0 \ Fij for i ¼ 1; 2 and F1 \ T0;
F2 \ T0 are disjoint by Corollary 3.5(c). If V ðF0Þ  ðN ðF1Þ [ N ðF2ÞÞ=|; then
T 0 :¼ ðT0  V ðF1 [ F2ÞÞ [ ððN ðF1Þ [ N ðF2ÞÞ \ F0Þ separates G; but jT 0j5jT0j

P2
i¼1 jT0 \ Fij þ
P2
i¼1 jN ðFiÞ \ F0j ¼ jT0j ¼ n; since N ðF1Þ \ N ðF2Þ \ F0=
|: This contradiction proves ðzÞ: ]
We distinguish now two cases.
Case 1: There are F1=F2 in F0 with N ðF1Þ \ N ðF2Þ \ F0=|:
Then V ðF0Þ  N ðF1Þ [ N ðF2Þ by ðzÞ: Consider F 2F0  fF1; F2g; if there is
any. Then N ðF Þ \ N ðFiÞ \ F0=| for i ¼ 1 or i ¼ 2; say, for i ¼ 1: Hence,
V ðF0Þ  N ðF Þ [ N ðF1Þ again by ðzÞ: Since N ðF2Þ  V ðF0Þ  N ðF1Þ=| by ðbÞ;
this implies N ðF Þ \ N ðF2Þ \ F0=|: If we apply this conclusion to the pair F ;
F1; we recognize that N ðF Þ \ N ðF 0Þ \ F0=| for all F=F 0 from F0: Then
V ðF0Þ  N ðF Þ [ N ðF 0Þ for all F=F 0 from F0 by ðzÞ:
We deﬁne dF :¼ jN ðF Þ \ F0j and tF :¼ jN ðF Þ \ S0j for F 2F0: Then, by
the two last claims of ðbÞ; we have
(i) dF þ tF4jF j for every F 2F0:
Since V ðF0Þ  N ðF Þ [ N ðF 0Þ and N ðF Þ \ N ðF 0Þ \ F0=| for all distinct F ;
F 0 2F0; we conclude
(ii) jF0j5dF þ dF 0 for all F=F 0 from F0:
Since for every s 2 S0 there is an F 2F0 with s 2 N ðF Þ by ðeÞ; we get
(iii)
P
F 2F0 tF5jS0j:
Since dF ¼ jF \ T0j by ðbÞ and F \ F 0 ¼ | for F=F 0 from F0; we have
(iv)
P
F 2F0 dF4jT0j ¼ n:
Since jF j4jF0j for F 2F0 by deﬁnition of F0; (i) and (ii) imply
X
F 2F0
ðdF þ tF Þ4jF0jjF0j42
X
F 2F0
dF  jF0j;
hence,
P
F 2F0 tF4
P
F 2F0 dF  jF0j: (Remember,F0 ﬁnite!) Using (iii) and
(iv), this implies jS0j4n jF0j; a contradiction to ðaÞ and jF0j52 by ðeÞ: So
case 1 cannot occur.
Case 2: N ðF1Þ \ N ðF2Þ \ F0 ¼ | for all F1=F2 from F0:
Then N ðF Þ \ F0 ðF 2F0Þ form a partition of V ðF0Þ:
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There is an F 0 2Fs with x 2 N ðF 0Þ by ðgÞ: Since F is the only element ofF0
with neighbour x; we must have F 0  F by deﬁnition of F0 and ðeÞ: This
implies V ðPsÞ  V ðF Þ [ T :
So we have shown U :¼
S
s2S0 V ðPsÞ  V ðF Þ [ N ðF Þ for every F 2F0:
Since there are two distinct Ti-fragments Fi ði ¼ 1; 2Þ in F0 by ðeÞ; U 
ðV ðF1Þ [ T1Þ \ ðV ðF2Þ [ T2Þ ¼ ðF1 \ T2Þ [ ðT1 \ T2Þ [ ðT1 \ F2Þ ¼: T holds
by Corollary 3.5(c). But jT j4n by Lemma 2.1(a), since %F 1 \ %F2=| by ðdÞ
and the maximal order of F0: On the other side, jU j5jS0j þ 25nþ 1 by ðaÞ:
This contradicts jU j4jT j; and Theorem 1.1 is proved.
4. PROOFS OF THE REMAINING RESULTS
We follow now the lines of the proof of Theorem 1.1 to give an upper
bound for jW j in W  ðn; 3Þ-critical graphs, i.e. to prove Theorem 1.2. Since
the considerations are very similar to those in the last section, but easier, we
will be rather short and point out only the differences. First, we prove an
analogue to Corollary 3.4.
Lemma 4.1. If F is a fragment of a W  ðn; 3Þ-critical graph, then
jF \ W j4nðn 1Þ or j %F j43
4
n 1 holds.
Proof. Let us assume jF \ W j > nðn 1Þ for a T -fragment F : Deﬁne
(T :¼ ft 2 T : jN ðtÞ \ F \ W j4n 1g: Since by assumption jF \ W j >
nðn 1Þ; there is a c 2 F \ W  N ð (TÞ=|: By the concept of a W  ðn; 3Þ-
critical graph, there is a %c 2 %F \ W : Then c; %c have the property described in
Lemma 2.9 and this lemma implies j %F j43
4
n 1: ]
Let F be a W -proper fragment of a W  ðn; 3Þ-graph G with jW j >
ð2n 1Þn: Then jF \ W j4j %F \ W j; hence j %F \ W j > ðn 1Þn holds, and
Lemma 4.1 implies jF j43
4
n 1: Hence jF j43
4
n 1 holds for all F 2WFðGÞ:
Next, we state an analogue of Corollary 3.5.
Lemma 4.2. The W -proper fragments of a W  ðn; 3Þ-critical graph G with
jW j > ð2n 1Þn have the following properties.
(a) jF j43
4
n 1 for every F 2WFðGÞ:
(b) If F1 \ F2=| for F1; F2 2WFðGÞ; then also GðF1 [ F2Þ 2WFðGÞ:
(c) For all F1=F2 from WFmðGÞ; F1 \ F2 ¼ | holds. Every F 2WFðGÞ is
contained in exactly one element of WFmðGÞ:
Proof. (a) was shown in the preceding paragraph. Since (a) implies
jF1 [ F2 [ N ðF1Þ [ N ðF2Þj42  ð34 n 1Þ þ 2n4ð2n 1Þn5jGj; we get as in
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proper one, since otherwise jGj53  ð3
4
n 1Þ þ n by (a). The ﬁrst claim of (c)
follows from (b), which then implies the second, since every F 2WFðGÞ is
contained in at least one element of WFmðGÞ by (a). ]
For the proof of Theorem 1.2 we now assume on the contrary that there is
a non-complete W  ðn; 3Þ-critical graph G with jW j > ð2n 1Þn: Hence n53
holds.
We can choose F0 2WFðGÞ of maximal order by Lemma 4.2(a). Deﬁne
now T0 :¼ N ðF0Þ; (T0 :¼ ft 2 T0 : jN ðtÞ \ %F 0j5ng; and S0 :¼ ð %F 0 \ W Þ
N ð (T0Þ: Then, we have
ða0Þ jS0j5nþ 1:
Proof. jS0j5jW j  jF0j  jT0j  nðn 1Þ > ðn 1Þn ð34 n 1Þ5n by as-
sumption on W and Lemma 4.2(a). ]
F0 \ W is not empty by deﬁnition of a W  ðn; 3Þ-graph and S0=| by ða0Þ:
Hence, WF0 :¼ fF 2WFmðGÞ: there is a F 0 2WFðGÞ with F 0  F and N ðF 0Þ \
S0=| and N ðF 0Þ \ F0=|g is also not empty. For every F 2WF0; we have
ðF [ N ðF ÞÞ \ S0=| and ðF [ N ðF ÞÞ \ F0=|: Therefore, F=F0 for all F 2W
F0 and so F \ F0 ¼ | by Lemma 4.2(c), hence N ðF Þ \ F0=| and F \ T0=|
for all F 2WF0: This implies j
WF0j4n; since F1 \ F2 ¼ | for F1=F2 from
WF0 by Lemma 4.2(c). For every pair s 2 S0 and w 2 W \ F0; there is an
F 0 2WFðGÞ with fs;wg  N ðF 0Þ; since G is W  ðn; 3Þ-critical and non-
complete. This implies S0 [ ðW \ F0Þ 
S
F 2WF0 ðV ðF Þ [ N ðF ÞÞ: The vertices
of W  ðS0 [ V ðF0ÞÞ belong to T0 or to N ð (T0Þ \ %F0: For t 2 (T0 \ F with
F 2WF0; we have N ðtÞ  V ðF Þ [ N ðF Þ: Therefore, we have at most
n jWF0j vertices of (T0; the neighbours of which are not covered byS
F 2WF0 ðV ðF Þ [ N ðF ÞÞ: These considerations imply by Lemma 4.2(a) the
inequality
ðb0Þ jW j4jWF0jð74 n 1Þ þ ðn j
WF0jÞn;
since jftg [ ðN ðtÞ \ %F 0Þj4n for t 2 (T0: But ðb
0Þ implies ð2n 1Þn5
nð3
4
n 1Þ þ n2; a contradiction. Therefore, a non-complete W  ðn; 3Þ-
critical graph with jW j > ð2n 1Þn cannot exist. ]
If G is ðn; 4Þc-critical with n54 and z 2 G; then G z is an
NGðzÞ  ðn 1; 3Þ-critical graph and Theorem 1.2 implies jNGðzÞj4
ð2n 3Þðn 1Þ; hence DðGÞ4ð2n 3Þðn 1Þ and so gðnÞ4ð2n 3Þðn 1Þ
for n54: This together with Theorem 1.1 implies Theorem 1.4.
One can use the same method to give a better bound for jW j in W  ðn; kÞ-
critical graphs for k > 3; but only the factor at n2 is diminished. Since I do
not believe that n2 is the right order, I resign the statement.
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every ðn; 3Þ-critical graph G:
In [4] it was shown by examples (by the graphs WmðkÞ from Example 2.7
and another family of graphs) that this would be best possible.
Whereas we have bounded the order of an ðn; 4Þc-graph only by cn
3 in
Theorem 1.4, we can improve this to cn2 for ðn; 5Þc-graphs. Since the proof
follows the same lines as the proofs for Theorems 1.1 and 1.2, we will
sketch it only. First of all, we need a formulation of Lemma 2.9 for ðn; kÞc-
graphs.
Lemma 4.4. Let F0 be a fragment of an ðn; kÞc-critical graph G: Suppose
there is a connected subgraph C  G of order k  1 with C \ F0=| and C \
%F 0=| such that F \ F0=| for every fragment F of G with N ðF Þ  V ðCÞ: Then
j %F0j4
3ðn1Þ
4
 1 holds.
Proof. Since our assumptions imply k54; G is ﬁnite by Theorem 1.1
and has an atom. If A is an atom of G V ðCÞ; then we can enlarge
C to a connected subgraph C0  G with jC0j ¼ k and C0 \ A=|; and
there is a T 2TðGÞ with T  V ðC0Þ; since G is ðn; kÞc-critical.
Then, the transfer of the proof of Lemma 2 in [4] is obvious and left to
the reader. ]
The following result corresponds to Corollary 3.4 and Lemma 4.1.
Lemma 4.5. Let F be a T -fragment of an ðn; 5Þc-critical graph G: Then
jF j4ðn2Þn
3
or j %F j43ðn1Þ
4
 1 holds.
Proof. Suppose jF j > ðn2Þn
3
: Denoting (T :¼ ft 2 T : jN ðtÞ \ F j4n 2g;
then U :¼ fx 2 F : jN ðxÞ \ (T j42g is not empty. Now we choose a path P
of length 2 as at the beginning of the proof of Lemma 3.3, which we enlarge
by an edge ½t; t0 between t 2 P \ T and an t0 2 N ðtÞ \ %F=|: Then,
application of Lemma 4.4 to C :¼ P [ ½t; t0 gives j %F j43ðn1Þ4  1: ]
This implies jF j43ðn1Þ
4
 1 for all the proper fragments F of an
ðn; 5Þc-critical graph G with jGj > 2
ðn2Þn
3
þ n; and the properties stated in
Corollary 3.5(b) and (c) for elements of FðGÞ and FmðGÞ hold in the
same way.
Suppose now for the proof of Theorem 1.5 that there is a non-complete
ðn; 5Þc-critical graph G with jGj >
7
8
ðn 1Þnð52ðn2Þn
3
þ nÞ: Choose again
F0 2FðGÞ of maximal order and deﬁne T0 :¼ N ðF0Þ and S0 :¼ ðN ðN ðT0ÞÞ \
%F 0Þ as in the proof of Theorem 1.1. If V ð %F0Þ  ðN ðT0Þ [ N ðN ðT0ÞÞÞ=|; then
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contradiction in the same way as in the proof of Theorem 1.1. Therefore, we
have V ð %F0Þ  N ðT0Þ [ N ðN ðT0ÞÞ:
Deﬁne now F00 :¼ fF 2FmðGÞ: there is an F
0 2FðGÞ with F 0  F ;
N ðF 0Þ \ F0=|; and N ðF 0Þ \ %F 0=|g: Again, F \ T0=| for all F 2F00
and the elements of F00 [ fF0g are disjoint, hence jF
0
0j4n: Since also
V ðF0Þ  N ðT0Þ (as jF0j5nÞ; V ðGÞ can be covered by paths P of length 3 with
P \ F0=| and P \ %F0=|: This implies V ðGÞ 
S
F 2F00
ðV ðF Þ [ N ðF ÞÞ; since
G is ðn; 4Þc-critical. If V ðP Þ  V ðF Þ [ N ðF Þ for an F 2F
0
0; then V ðP Þ \ F0 
N ðF Þ; and we can add an edge between V ðP Þ \ F0=| and %F to P ; so getting
P 0: Since G is even ðn; 5Þc-critical, there is an F
0=F in F00 with V ðP
0Þ 
V ðF 0Þ [ N ðF 0Þ: Hence, V ðGÞ is covered at least twice by
S
F 2F00
ðV ðF Þ [
N ðF ÞÞ: But this implies 2jGj4nð3ðn1Þ
4
 1þ nÞ ¼ 7
4
ðn 1Þn; a contra-
diction. ]
Remark 4.6. One can also use Lemma 4.4 for the following slight
improvement of Theorem 1.4.
(4.6.1) For every ðn; 4Þc-critical graph G with n54; jGj4ðn 1Þðn 2Þ
ðn 3Þ þ n holds.
The main tool in the proof is the following modiﬁcation of Lemma 3.3
and Corollary 3.4.
(4.6.2) If F is a T -fragment of an ðn; 4Þc-critical graph G satisfying jF j >
1
2
ðn 1Þðn 2Þðn 3Þ; then V ð %F Þ  N ðT Þ and j %F j4ðn3Þn
3
hold.
Proof of (4.6.2). We may assume j %F j > 3ðn1Þ
4
 1: Then Lemma 4.4
implies that for every path P of length 2 with P \ F=| and P \ %F=|; there
is a fragment F 0 of G V ðP Þ with F 0 \ F ¼ |: From this it easily follows
that for every x 2 N ðT Þ \ F ; there are at least two neighbours t 2 T with
jN ðtÞ \ F j4n 2: But this implies jN ðtÞ \ F j4ðn1Þðn2Þ
2
for all t 2 T : Then,
one easily checks that Lemma 3.3 remains true for F ; if we replace there
DðGÞ  1 with ðn1Þðn2Þ
2
: Then Lemma 3.3 implies V ð %F Þ  N ðT Þ and
j %F j4ðn3Þn
3
: ]
Using (4.6.2) instead of Lemma 4.5, (4.6.1) can be proved in a similar way
as Theorem 1.5. ]
The upper bound for ðn; 4Þc-graphs in Theorem 1.4 is by a factor n larger
than that for ðn; 3Þ-graphs in Theorem 1.3, but I do not believe that this
reﬂects the facts. It is not at all obvious to ﬁnd ðn; kÞc-graphs for large k;
which are not k-critical. For k ¼ 2; 3; we have constructed a lot of such
graphs in [6], but for k54 we have not pointed out one so far. We will close
this gap in the next section.
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In this section, for every k54; we will give examples for k-con-critical
graphs which are not k-critical. For this, we will study the graphs WmðkÞ
introduced in Example 2.7 more in detail.
In [4, p. 146], it was shown that N ðzÞ 2TðWmðkÞÞ for every z 2 WmðkÞ and
all m52; k52; but we had not proved that every T 2TðWmðkÞÞ has this
form. We will supply this now. First a notation. For j 2 Nm; let zj denote
again the vertex ðz1j ; . . . ; z
k
j Þ of WmðkÞ with z
i
j ¼ j for all i 2 Nk : LetSn denote
the symmetric group on Nn: Note that the application of any p 2Sm to
the ith coordinate in WmðkÞ is an automorphism. For i; j 2 Nm; let fi;j denote
the automorphism which interchanges the numbers i and j in every
coordinate.
Lemma 5.1. If T 2TðWmðkÞÞ with m52; k52; then there is a z 2 WmðkÞ
with T ¼ N ðzÞ:
Proof. Consider T 2TðWmðkÞÞ and let c1; c2 be in distinct components
of WmðkÞ  T : We may assume that ci ¼ zi for i ¼ 1; 2: Deﬁne
D :¼ fx ¼ ðx1; . . . ; xkÞ 2 WmðkÞ: there are i; j 2 Nk with xi ¼ 1 and xj ¼ 2g
and Zl ¼ fx ¼ ðx1; . . . ; xkÞ 2 WmðkÞ  zl: there is an i 2 Nk with xi ¼ lg  D
for l ¼ 1; 2: Then, obviously, D ¼ N ðz1Þ \ N ðz2Þ  T and f1;2jZ1 is a
bijection of Z1 on Z2: For every x 2 Z1; we have fx; f1;2ðxÞg \ T=| and
hence jfx; f1;2ðxÞg \ T j ¼ 1 and T  D[ Z1 [ Z2; since N ðziÞ ¼ D[ Zi for
i ¼ 1; 2 and jT j ¼ kðWmðkÞÞ ¼ dðziÞ: (This latter was proved in [4], but we
have yet shown jT j5dðziÞ5kðWmðkÞÞ; hence equality.) Let us suppose, there
are xi ¼ ðx1i ; . . . ; x
k
i Þ 2 Zi  T for i ¼ 1 and 2. Then x2=f1;2ðx1Þ: Hence, there
is a k 2 Nk with jfxk1 ; x
k
2g \ f1; 2gj ¼ 1; say, k ¼ 1 and x
1
1 ¼ 1; x
1
2 ¼ 3:
Replace every coordinate 1 in x1 with 3, so getting y: Then y 2 N ðx1Þ \
N ðx2Þ; hence y 2 T ; a contradiction to the fact T  D[ Z1 [ Z2: This
contradiction shows Z1  T or Z2  T ; hence T ¼ N ðz1Þ or T ¼ N ðz2Þ; as
claimed. ]
Lemma 5.1 implies immediately
Corollary 5.2. The graphs WmðkÞ for m > k52 are k-critical, but not
ðk þ 1Þ-critical.
Proof. It is known from [4, p. 146] that WmðkÞ is k-critical. On the
other hand, z1; z2; . . . ; zkþ1 have no common neighbour, hence
kðWmðkÞ  fz1; . . . ; zkþ1gÞ5wðm; kÞ  k by Lemma 5.1. ]
Corollary 5.2 is not true without a condition for m; as the graphs W2ðkÞ
show. These arise from K2k by deletion of the edges of an 1-factor and are
well-known ð2k1  1Þ-critical graphs (cf. [5, Conjecture 1a]).
W. MADER312Proposition 5.3. The graphs WmðkÞ for m > k54 are ðk þ 2Þ-con-critical,
but not ðk þ 3Þ-con-critical.
Proof. Deﬁne z :¼ ðz1; . . . ; zkÞ with zi ¼ i for i 2 Nk and z0 :¼ ðz1; . . . ; zkÞ
with zi ¼ k for i 2 Nk1 and zk ¼ k þ 1: Then Z :¼ fzi : i 2 Nkþ1g [ fz; z0g is
connected in WmðkÞ; but there is no y with N ðyÞ  Z: Hence WmðkÞ is not
ðk þ 3Þ-con-critical by Lemma 5.1.
Consider now a connected set X of k þ 2 vertices xj ¼ ðx1j ; . . . ; x
k
j Þ
for j 2 Nkþ2 in G :¼ WmðkÞ: Deﬁne p :¼ maxi2Nk maxfjJ j : J  Nkþ2 with
xij ¼ x
i
j0 for all j; j
0 2 Jg: In the following cases ðaÞ and ðbÞ; we assume that the
maximum is attained for i ¼ k and xkj ¼ 1 holds for j ¼ k þ 3 p; . . . ; k þ 2
and we set yk :¼ 1: Since X is connected, we have p52: We distinguish three
cases.
ðaÞ p54:
Set yi :¼ xii for i 2 Nkþ2p: Since k þ 2 p4k  2 in case ðaÞ; y
k1 is not
deﬁned so far. If M :¼ Nm  fxk1i : i ¼ k þ 3 p; . . . ; k þ 2g=|; then we
choose yk1 2 M and yi 2 Nm arbitrarily for i ¼ k þ 3 p; . . . ; k  2: If M ¼
|; then p5m5k þ 1 and we can choose yi 2 Nm for i ¼ k þ 3 p; . . . ; k  1
so that ðy1; y2; . . . ; ykÞ =2 X ; since then k þ 3 p425k  1: Then, we have in
any case N ðyÞ  X for y :¼ ðy1; y2; . . . ; ykÞ:
ðbÞ p ¼ 3:
Let us ﬁrst assume that there are an i 2 Nk1 and j15j2 in Nk1 with
xij1 ¼ x
i
j2 ; say, i ¼ k 1 and fj1; j2g¼ fk 2; k  1g: Set y
k1 :¼ xk1k1; y
i :¼ xii
for i 2 Nk3; and choose yk2 2 Nm  fxk2i : i ¼ k; k þ 1; k þ 2g=|: Then,
y :¼ ðy1; . . . ; ykÞ has the property N ðyÞ  X :
So we may assume jfxij : j 2 Nk1gj ¼ k  1 for every i 2 Nk1: Then, we
can choose p 2Sk1 so that y :¼ ðx1pð1Þ; x
2
pð2Þ; . . . ; x
k1
pðk1Þ; y
kÞ =2 fxk ; xkþ1; xkþ2g;
since ðk  1Þ! > 3: But then N ðyÞ  X holds.
ðgÞ p ¼ 2:
First, we assume that the following situation appears:
ðSÞ There are i1=i2 in Nk and four distinct j1; j2; j3; j4 2 Nkþ2 such that
xi1j1 ¼ x
i1
j2 and x
i2
j3 ¼ x
i2
j4 hold.
We may assume yk1 :¼ xk1k1 ¼ x
k1
k and y
k :¼ xkkþ1 ¼ x
k
kþ2: Then for
y :¼ ðy1; . . . ; ykÞ with yi :¼ xii for i 2 Nk2; we have N ðyÞ  X ; since p ¼ 2
implies that xkþ1; xkþ2 are the only vertices of X with kth coordinate equal to
yk and correspondingly for xk1; xk : So we assume in the following that ðSÞ
does not appear.
If N ðxkþ2Þ  X  fxkþ2g; then there are an i 2 Nk and j1=j2 in Nkþ1
with xij1 ¼ x
i
j2 ¼ x
i
kþ2 by the pigeon-hole principle. But this is a contradiction
to p ¼ 2: So for every xj 2 X there is a j0 2 Nkþ2  fjg with xij=x
i
j0 for all
i 2 Nk : So there are vertices of distance 2 in GðX Þ; say, x1; x3 with common
neighbour x2: We may assume x11 ¼ x
1
2 and x
2
2 ¼ x
2
3:
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 2 EðGÞ; then there is an
i 2 Nk with xi4 ¼ x
i
5: But i=1 or i=2; and we have situation ðSÞ for 1; i and
x1; x2; x4; x5 or for 2; i and x2; x3; x4; x5: So GðX Þ  fx1; x2; x3g is independent.
Since X  fx2g 6 N ðx2Þ and GðX Þ connected, but GðX Þ  fx1; x2; x3g
independent, there must be an x 2 X  fx1; x2; x3g=| with N ðxÞ \ fx1; x3g=
|; say, ½x1; x4 2 EðGÞ and xi1 ¼ x
i
4: Since ðSÞ does not occur, we must
have i ¼ 2: Since p ¼ 2; this implies that there can be no further x 2
X  fx1; x2; x3; x4g with x1 2 N ðxÞ: Since jX j > 4; we conclude N ðx5Þ \ fx2; x3g
=|: If ½x2; x5 2 EðGÞ; say, xi2 ¼ x
i
5; then i=1; 2; since p ¼ 2; and ðSÞ occurs
with 2; i and x1; x4; x2; x5: So we have ½x3; x5 2 EðGÞ; say, xi3 ¼ x
i
5: Then, we
conclude i ¼ 1 as above. But then ðSÞ occurs for 1,2 and x3; x5; x1; x4: ]
Wmð3Þ is not 4-con-critical for each m52; as the connected set fð1; 1; 1Þ;
ð1; 2; 2Þ; ð2; 1; 2Þ; ð2; 2; 1Þg shows, using Lemma 5.1. In the same way, the
connected set fð1; 1Þ; ð1; 2Þ; ð2; 2Þg shows that Wmð2Þ is not 3-con-critical.
Therefore, for the construction of 4-con-critical graphs which are not 4-
critical, we must proceed in a different way. In the case of a given set of k þ 1
vertices in WmðkÞ; we can improve Proposition 5.3.
Proposition 5.4. Let X be a connected set of k vertices in WmðkÞ with
m > k54: Then for every z 2 WmðkÞ; there is a y 2 WmðkÞ  ðX [ fzgÞ with
N ðyÞ  X [ fzg:
Proof. For X [ fzg connected, the assertion is obvious from Proposition
5.3 and Lemma 5.1. So we may assume that z has no coordinate in common
with any of the x 2 X : But there are x1=x2 in X which have a coordinate
in common, say, the kth coordinate yk : Choosing from every element of
the ðk  1Þ-set ðX  fx1; x2gÞ [ fzg one coordinate yi for i 2 Nk1; we get
y :¼ ðy1; . . . ; ykÞ with N ðyÞ  X [ fzg: ]
Since the automorphism group of WmðkÞ is transitive, Corollary 5.2
implies that WmðkÞ  z is not k-critical for any z 2 WmðkÞ: But by Proposition
5.4, WmðkÞ  z is k-con-critical for all m > k54: So we get also examples for
the still missing case k ¼ 4:
In [6, Proposition 3.14], it was proved that the diameter of an
ðn; 7Þc-critical graph is at most 4. This implies that an ðn; kÞc-graph
is at least ð1þ bk1
4
cÞ-critical for k57: But I believe that there must
be a much better lower bound for the criticality of an ðn; kÞc-critical
graph.
Note added in proof. As noticed by an unknown referee, the following
sharper form of Proposition 5.4 even holds: Let X be a set of k þ 1 vertices
containing at least two adjacent ones in WmðkÞ with m > k54: Then, there is a
y 2 WmðkÞ  X with N ðyÞ  X :
W. MADER314For a proof, consider an edge ½x1; x2 of WmðkÞ with x1; x2 2 X : Then,
there is a z 2 WmðkÞ with N ðzÞ  X  fx1g by Corollary 5.2 and Lemma 5.1.
Hence, X 0 :¼ X [ fzg is connected and we can apply Proposition 5.3 and
Lemma 5.1. ]
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